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ABSTRACT

We solve in the negative a problem of Wolfe if C(T) is an injective Banach space
whenever C(T) is injective, T compact, and T is the Amir boundary of T (i.e.,
the complement of the maximal open extremally disconnected subset of T). In par-
ticular, we find 7 such that C(7) is a Py-space and T4 ~ SN\N.

Wolfe [8, Th. 1.1] proved that if 7"is compact, C(T) is an injective Banach space
and T satisfies the countable chain condition (CCC), then C(T},) is injective as
well. In fact, he proved that if C(T) is a P,-space, then C(Ty) is a P,_,-space.
Then a little bit stronger result was obtained by the author [S, Th. 3.2] even for
Fréchet injective spaces C(T') with the compact-open topology, also under a CCC-
like assumption on 7, T locally compact.

Wolfe [8, Prob. 4.3] asked if for Banach C(7")-spaces the same result holds with-
out the CCC assumption. We prove the following very negative answer.

THEOREM. Let T be a compact space such that C(T) is a Py-space. For every
closed subset B < T, T, C B, there is a compact space S such that S, is homeo-
morphic to B and C(S) is a Py, ,-space.

CoROLLARY. There is a compact set S such that C(S) is injective while C(S,)
is not injective ( for example, S, ~ BN\N and C(S) is a Ps;-space).

Proor oF CoroLLARY. We apply the Theorem for T=8N, B=N\N2 T, =
@& (T is extremally disconnected). It is known that C(8N) = /., is a P,-space but
C(BN\N) is not injective [2, Cor. 2].
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REMARK. Amir [1, Th. 3] (see also [2, Th. 2], [3, Cor. 2]) showed that if T is
compact and C(T') injective, then 7, is nowhere dense in 7. In [4, Ex. 4.2] the
author gave an example of a completely regular topological space 7 with a funda-
mental sequence of compact sets such that C(T) is injective Fréchet (in fact,
CT)=INbut T,=T!

ProoF oF THEOREM. Let us consider the family of disjoint Cech-Stone com-
pactifications of natural numbers (BN*?),p,;_o, and let y*? € BN*I\N*/
be fixed. Then let ¢ : W — T be the Gleason map (i.e., W is extremally disconnected
and for any proper closed subset W, of W, ¢(W,) # T; existence of such a map
is established in [7, Th. 3.2]) and let

Xo:=WU < U 6N(X”)), with the disjoint sum topology;
xEB
i=0,1

So = TU( U BN"“”\{y"“”}).
xEB
i=0,1

The map ®,: X, — S is defined as follows:
Po(z) i=p(z) ifzEW;
=z if z€ BN\ {yD1 xe B, i=0,1;
=X ifz=y>*" xeB, i=01L

We equip S, with the quotient topology (as easily seen Sy is completely regular)
and then we extend ®, to a map ®: X — S, where X := 38X, and S := §8S;. It
should be observed that C(S) is isometrically embedded into C(X) by the map
&:C(S) - CLX), <i>(f)_:=fo ®. Similarly, using ¢ we can embed C(T) into
C(W).

1. We will show that C(S) is injective and belongs to Py, ,-spaces, where C(T)
is a Py-space.

Let P: C(W)— C(T) be a projection, | P| = N + ¢. Then we construct a pro-
jection R: C(X) — C(S), |R|| =2+ X\ + ¢, as follows:

R(f)(z) :=P(f|W)(z) ifz€ T;
= f(2) = f*) + P(f|w) (x) if z€ BNEI\{y*D};

and then we extend in the unique way R(f) on S. Now, it suffices to observe that
X is extremally disconnected [6, 6.2.15] and thus C(X) is a P;-space.
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II. We will show that S, = B.
First, if x € B, then

X € (N®O%)y N (N®D)

and thus x € S, because N**) are open (discrete!) subsets both in Spand in S. Let
Z € So\B, then there is a neighborhood of z in S, contained either in T\ B if 7 €
T\B or in BN®I\ {1} if z belongs to this set. This implies that z does not be-
long to bdg, U for any open subset U of Sy and (Sy)4 = B.

Since B is compact, this completes the proof by the following lemma (cf. [6,
Th. 6.2.5]):

LEMMA. If Z is a completely regular topological space, then (3Z), < Z5%.

Proor. If z€ (B8Z)4\cl(Z,), where cl means the closure in 3Z, then there is
an open subset U in BZ such that clU € 8Z\cl(Z,) and z € bdgz(cl U). Thus,

Vi=ZNcd(UNZ)=cly(UNZ)
is a closed-open set in Z for which closure in 8Z coincides with cl U. Indeed,
cdU=cl(UNZ)ycc(ZNclU)=cl(V)<ccllU.
Therefore, ¢l U is closed-open in 8Z [6, 3.6.1, Cor. 4]; a contradiction.

RemArk. If we apply the above construction to 7= 3N and B =N\N (as in
the Corollary), then we can prove using [9, Th. 1.4] that C(S) is not a P,-space
for any A < 3 and we solve in the negative [9, Questions 2 and 11].
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